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Abstract
We revisit the coupled channel KK¯ interactions and dynamically generate the resonances f0(980) and
a0(980) within both the isospin and the physical bases. The f0(980)− a0(980) mixing effects are generated
in the scattering amplitudes of the coupled channels with the physical basis, which exploits the important
role of the KK¯ channel in the dynamical nature of these resonances. With the scattering amplitudes
obtained, we investigate the f0(980) and a0(980) contributions to the J/ψ → γηπ0, J/ψ → γπ+π− and
J/ψ → γπ0π0 radiative decays through the final-state interactions. We obtain the corresponding branching
fractions Br(J/ψ → γa0(980) → γηπ0) = (0.47 ± 0.05)× 10−7, Br(J/ψ → γf0(980) → γπ+π−) = 0.37 ×
10−7 − 1.98 × 10−6, Br(J/ψ → γf0(980) → γπ0π0) = 0.18 × 10−7 − 9.92 × 10−7, and predict Br(J/ψ →
γa0(980)) = 1.72×10−8−3.07×10−7 and Br(J/ψ → γf0(980)) = 1.86×10−8−1.89×10−5. These fractions
are within the upper limits of the experimental measurements.
PACS numbers:
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I. INTRODUCTION
The new pentaquark candidates, i.e. the so-called P+c states, found by LHCb collaboration
[1, 2] have caught much attention from both theorists and experimentalists to understand the
properties of the “exotic” states in the QCD spectrum, see the reviews [3–12]. To understand the
properties of these “exotic” candidates is one of the main tasks in contemporary particle physics.
This is not a trivial issue because one is dealing with non-perturbative strong interactions. Similar
problems have been faced since long in the light quark sector. The two famous states, f0(980) and
a0(980), found around the end of the 1960s [13–17], still require more investigations to accurately
determine their properties and nature. In the literature, they are assigned as qq¯ states [18–20],
qqq¯q¯ states [21–23], scalar glueballs [23, 24], KK¯ cusp effects [25], or, meson-meson states [26–34].
In this regard, Ref. [35] concluded that the f0(980) and a0(980) are not elementary states based
on a Flatte´ parameterization analysis around the KK¯ threshold and rather general considerations
on quantifying the compositeness of a near-threshold resonance. This was later further elaborated
in Refs. [36, 37]. Indeed, within the Flatte´ model, the a0(980) always appears as a KK¯ cusp
[25, 35, 36, 38]. The cusp-like structure of the a0(980) is also seen from a first-principle lattice
calculation [39, 40]. Based on a dispersive analysis of the experimental data, the pole of the
f0(980) was precisely determined within a model-independent approach based on a set of Roy-like
equations in Ref. [41]. Also based on the use of the Roy equations for the isoscalar ππ S-wave
[42], the Refs. [41, 43] determined the mass and width of the f0(500) resonance (also called σ) [44].
Other detailed determinations of the properties of the scalar resonances, and in particular of the
f0(500), were undertaken in Refs. [45–47].
On the other hand, Ref. [31] finds poles corresponding to the f0(500), f0(980) and a0(980)
resonances. This study has only one free parameter in the unitarity loop functions and employs
the lowest order chiral Lagrangian to provide the potential used in a Bethe-Salpeter equation. It
was further noticed in this reference that, within the approach followed, the f0(980) stems from the
KK¯ dynamics, as a bound state in the decoupling limit with ππ, while the a0(980) disappears when
the two channels KK¯ and πη are decoupled. This conclusion is also in agreement with the earlier
results of Ref. [29] in a meson-exchange model. The line shape of the a0(980) was also studied in
Ref. [33], which concludes that the a0(980) looks like a cusp behavior, a result further confirmed
by the analyses in Refs. [34, 40, 48, 49]. Note that, from their results, one can conclude that the
K+K− states play a prominent role in the generation through S-wave meson-meson interactions
of the f0(980) and a0(980) resonances. The interested reader can also see the review of Ref. [8] for
other discussions concerning molecular states.
Given the nature of the f0(980) and a0(980) as dynamically generated resonances, which have
similar masses in the nearby of the KK¯ threshold, we consider their mixing through the unitarity
KK¯ loop because of the difference in the neutral and charged kaon masses. This mechanism is
analogous to the one driving to a sizeable mixing of the ρ(770) − ω(782) resonances, as pointed
out in Ref. [50] already a long time ago. Further investigations on the f0(980) − a0(980) mixing
mechanisms can be found in Refs. [51–61], where various reactions are proposed to detect the mixing
signals experimentally. Inspired by the theoretical results [59–61], the mixing effect was firstly
reported by the BESIII collaboration [62] in the processes J/ψ → φf0(980) → φa00(980) → φπ0η
and χc1 → π0a00(980)→ π0f0(980)→ π0π+π−. Updated results with higher statistical significance
were recently given recently in [63]. These reactions have been analyzed by Refs. [66, 67] within
the so-called chiral unitary approach (ChUA) [31, 33, 64, 65], and by Ref. [68] which employs a
Flatte´ parameterization.
The branching ratio of the φ → K0K¯0γ radiative decay was obtained in Ref. [69] with the
f0(980) resonance contribution stemming from a triangle KK¯ loop. Along similar lines, the φ
meson radiative decays were investigated in detail in Refs. [70] with a dispersive approach, where
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the branching ratios of φ→ π0ηγ, φ→ ππγ, φ→ γK+K− and φ→ γK0K¯0 were given. These φ
meson radiative decays results were also considered by many other references [54, 71–75], with the
triangle KK¯ loop playing an essential role. Further, Refs. [76–78] introduced the use of the ChUA.
By the replacement of the ss¯ in the φ(1020) by a cc¯ in the J/ψ, one is naturally driven to
consider the J/ψ radiative decays. In this regard, the BESIII Collaboration has observed recently
the radiative decay J/ψ → γηπ0 and obtained its branching ratio [79]. A main goal of our present
work is to study several J/ψ radiative decay channels within ChUA, where we mainly investigate
the resonance contributions of the a0(980) and f0(980) and contributions from their mixing.
In this work, we firstly revisit in Sec. II the coupled-channelKK¯ interactions by using the ChUA
using the isospin and charged channels. In the following section we investigate the J/ψ → γηπ0
radiative decay to check the resonance contributions of the a0(980). As a by product, the decays
J/ψ → γπ+π− and J/ψ → γπ0π0 are also considered and the f0(980)− a0(980) mixing effects are
discussed. Finally, our conclusions are given in Sec. IV.
II. THE KK¯ INTERACTIONS REVISITED
Within the ChUA, the scattering amplitudes are calculated by solving the coupled channel
Bethe-Salpeter equation with the on-shell factorization [31, 33, 64, 65],
T = [1− V G]−1 V, (1)
where G is a diagonal matrix with the unitarity loop functions of the intermediate states and V is
the matrix that contains the potentials evaluated from the lowest order chiral Lagrangian.1 The
loop functions in G are regularized either by employing a three-momentum cutoff qmax [31, 33, 64]
or in terms of a subtraction constant a(µ), within the dimensional-regularization scheme introduced
in Ref. [65]. These are the only free parameters in the calculation of T (s).
By using a three-momentum cutoff, we have
Gii(s) =
∫ qmax
0
d3~q
(2π)3
ω1 + ω2
2ω1ω2
1
s− (ω1 + ω2)2 + iε , (2)
where ωi =
√
~qi2 +m2i , (i = 1, 2, ). It turns out by the fit to data discussed below, that qmax ≃
900 MeV [82], which is a natural value [65] for the short-distance scale of the strong interactions in
such hadronic processes. This value for qmax is equivalent to Λ =
√
m2K + q
2
max ≃ 1.03 GeV, that
corresponds to the maximum energy of the intermediate K meson as introduced in Ref. [31].
In our case, we revisit theKK¯ interactions in coupled channels following Ref. [31]. The elements
of the matrix V in the isospin basis are
V I=011 (s) = −
1
2f2pi
(2s −M2pi), V I=012 (s) = −
√
3
4f2pi
s, V I=022 (s) = −
3
4f2pi
s, (3)
V I=111 (s) = −
1
3f2pi
M2pi , V
I=1
12 (s) =
√
6
36f2pi
(9s − 8M2K −M2pi − 3M2η ), V I=122 (s) = −
1
4f2pi
s, (4)
1 Given the exploratory aim of our study on the mixing between the f0(980) and a0(980) resonances in J/ψ radiative
decays, and since the experimental data can be well reproduced by unitarizing the leading order V matrix (as
shown below), we do not take into account in this work the contributions from the next-to-leading-order chiral
perturbation theory amplitudes. The latter were already applied in the study of the scalar meson-meson scattering
and its spectroscopy in several works in the literature, e.g. in [33, 40, 46, 47, 49, 80, 81].
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with the pion decay constant fpi = 93 MeV
2. In the isoscalar scattering, the channels ππ and KK¯
are represented by the labels 1 and 2; for I = 1, the channel π0η is denoted by 1 and the heavier
KK¯ one by 2. The matrix elements in the isospin basis given in Eqs. (3) and (4) are deduced
from the ones in the charge (physical) basis. The latter are calculated from the lowest order chiral
Lagrangian and are collected in Table I. In addition, one should also do the S-wave projection of
these amplitudes, for more details on the formalism used we refer to Ref. [31].
TABLE I: The matrix elements Vij of the potential between states in the charge basis in the isospin limit.
Channel potential
K+K− → K+K− − 13f2
pi
(s+ t− 2u+ 2M2K)
→ K0K¯0 − 16f2
pi
(s+ t− 2u+ 2M2K)
→ π+π− − 16f2
pi
(s+ t− 2u+M2K +M2pi)
→ π0π0 − 112f2
pi
(2s− t− u+ 2M2K + 2M2pi)
→ π0η − 1
12
√
3f2
pi
[3(2s− t− u)− 2M2K + 2M2pi]
K0K¯0 → K0K¯0 − 13f2
pi
(s+ t− 2u+ 2M2K)
→ π+π− − 16f2
pi
(s− 2t+ u+M2K +M2pi)
→ π0π0 − 112f2
pi
(2s− t− u+ 2M2K + 2M2pi)
→ π0η − 1
12
√
3f2
pi
[−3(2s− t− u) + 2M2K − 2M2pi ]
π+π− → π+π− − 13f2
pi
(s+ t− 2u+ 2M2pi)
→ π0π0 − 13f2
pi
(2s− t− u+M2pi)
→ π0η —
π0π0 → π0π0 − 1f2
pi
M2pi
→ π0η —
π0η → π0η − 13f2
pi
M2pi
For the only one free parameter (qmax), the value qmax ≃ 900 MeV is used in Ref. [82]. In order
to estimate the uncertainty in the value of qmax (and its impact in our results), we perform now a
combined fit of the experimental data used in Refs. [31, 33, 34]. These data are shown in Figs. 1
and 2. They comprise, on the one hand, the isoscalar scalar ππ elastic phase shifts, the ππ → KK¯
ones, and the inelasticity (1 − η200)/4, with η00 the isoscalar scalar elasticity parameter. On the
other hand, we also show in Fig. 2 two πη event distribution sensitive to the modulus squared of
the isovector scalar πη elastic partial-wave amplitude (PWA). For their calculation we employ the
same formulas as in Refs. [31, 34], which read
dN
dE
= C1qpiη|tpiη→KK¯|2 + α+ βE , (5)
dσpiη
dE
= C2qpiη|tpiη→piη|2 , (6)
where α and β reproduce the incoherent background and their values are taken from the original
Ref. [83]. The first line is used in the left plot of Fig. 2 and the last one for its right plot.
2 We take this value for comparison of our results with Refs. [31, 33]. Now its updated value is 92.1 MeV [44], which
affects only slightly the fitted value of qmax and does not change our final results.
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FIG. 1: From left to right and top to bottom: Results from the fit to the isoscalar scalar ππ phase shifts,
ππ → KK¯ phase shits, and the inelasticity (1 − η200)/4, with η00 the elasticity parameter. In the plots, the
results of the best fit are indicated by the (black) solid lines and the other lines use values of the cutoff that
differ by ±10% from its central value. These curves and the corresponding values of the cutoff are indicated
inside the first plot. The references to the experimental data can be found in [34].
The fits obtained are shown in Figs. 1 and 2. There. the (black) solid lines correspond to the
best-fit results with the cutoff qmax = (931±60) MeV and the normalization constants of the mass
distribution are C1 = (7.0 ± 6.5) × 10−5 MeV−2 and C2 = (3.6 ± 1.0) × 10−5 µb/GeV/MeV. The
error-bars have been enlarged so as to take into account that the χ2dof > 1. To be conservative we
finally take an uncertainty of a 10% in the three-momentum cutoff, and the resulting curves with
values of the cutoff a 10% larger and smaller than the best-fit value are also shown in Figs. 1 and
2.
The resulting moduli squared of the partial-wave amplitudes in the isospin basis are shown
in Fig. 3, which are consistent with the results of Refs. [31, 33]. In the charge basis, where the
indices 1 to 5 denote the channels of π+π−, π0π0, K+K−, K0K¯0 and π0η, respectively, we obtain
the results shown in Fig. 4. The resonance signals corresponding to the f0(980) and a0(980) are
also generated and can be seen clearly in these figures. Since the a0(980) is strongly affected by
the KK¯ threshold, we also display in the right panel of Fig. 4 the energy gap of about 8 MeV
between the charged and neutral KK¯ thresholds where the two peaks lie. These two thresholds
are indicated in this figure by the two vertical lines, with the threshold of the neutral kaons at the
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FIG. 2: Fit results for the πη mass distributions of the reactions pp→ pf(π+π−η)ps (left) [84] and K−p→
Σ+(1385)π−η (right) [83]. For the former reaction the background is indicated by the (black) dashed line
running at the bottom. The meaning of the rest of the lines is the same as in Fig. 1.
 0
 5
 10
 15
 20
 25
 900  950  1000  1050  1100
|T
|2
 /
 1
0
3
√s [MeV]
qmax=931 MeV
qmax=838 MeV
qmax=1024 MeV
 0
 1
 2
 3
 4
 5
 6
 900  950  1000  1050  1100
|T
|2
 /
 1
0
3
√s [MeV]
FIG. 3: The modulus squared of several amplitudes in the isospin basis is plotted. The left panel corresponds
to |T I=012 |2 [f0(980)], and the right one to |T I=122 |2 [a0(980)]. The meaning of the lines is the same as in Fig. 1.
higher energy. We have checked that the results of Figs. 3 and 4 are consistent with each other,
once the isospin and the charge bases are used, respectively, as discussed e.g. in Ref. [64]. Even
though the matrix elements for the potential are zero among the channels π+π− (π0π0) and π0η
in the charge basis, since they are isospin violating transitions, cf. Table. I, nonzero scattering
amplitudes result because of the coupled-channel dynamics, see Fig. 5. (Similar results are also
pointed out in Ref. [67]). Interestingly, we can clearly see in this figure the f0(980) − a0(980)
mixing in the scattering amplitudes |T15|2 and |T25|2, as predicted in Ref. [50]. These results can
be easily understood, since the resonances f0(980) and a0(980) are dynamically generated by using
the ChUA with coupled channels, as shown in Fig. 4. Thus, the amplitudes |T15|2 and |T25|2
contain the mixing effects of the dynamical diagram of Fig. 1 in Ref. [50], as illustrated in Fig. 6,
because of the resummation series inherent to Eq. (1), as represented schematically in the first line
of Fig. 6.
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FIG. 4: The modulus squared of several amplitudes T fullij (s) in the charge basis around the f0(980) resonance
is plotted in the left panel. The quantity |T full55 |2 is drawn in the right panel around the a0(980) resonance.
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FIG. 5: The dynamically generated f0(980)−a0(980) mixing effects in the modulus squared of the amplitudes
|T15|2 and |T25|2. The vertical lines lie at the energies of the K+K− and K0K¯0 thresholds, from lighter to
heavier, respectively.
Following Ref. [63] we define
ξfa =
Br(J/ψ → φf0(980)→ φa0(980)→ φπ0η)
Br(J/ψ → φf0(980)→ φππ) , (7)
ξaf =
Br(χc1 → π0a00(980) → π0f0(980) → π0π+π−)
Br(χc1 → π0a00(980)→ π0π0η)
. (8)
as an adequate way to measure the f0 − a0 and a0 − f0 mixing strengths, respectively.
In connection with the previous definitions, we also consider the energy-dependent mixing
strengths ξfa(s) and ξaf (s) defined as
ξfa(s) =
|T35(s) + T45|2ppiη(s)
3|T32(s) + T42(s)|2ppipi(s) , (9)
ξaf (s) =
3|T52(s)|2ppipi(s)
|T55(s)|2ppiη(s) .
The idea of the linear combinations of amplitudes in the first line of the previous equation is to
select the pure I = 0 KK¯ state in the sums T35 + T45 and T32 + T42, so that the final decay into
7
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FIG. 6: Graphical schematic representation of the f0(980) − a0(980) mixing effects in the amplitudes T15
and T25, where the filled black circles correspond to the full scattering amplitudes. In the first row the
iteration of the potentials is represented by the chain of unitarity loops indicated by the ellipsis.
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FIG. 7: The energy dependence of the mixing intensities ξfa(s) (red solid line) and ξaf (s) (green dashed
line).
π0η is necessarily an isospin-breaking effect. The dependence of these magnitudes with the energy
around the KK¯ thresholds is shown in Fig. 7, with ξfa plotted by the (red) solid line and ξaf by
the (green) dashed one.
Now, we evaluate the ratios in Eq. (7) taking into account three-body phase space, see e.g.
Ref. [44]. We basically assume a constant coupling for the first vertex involving the heavy-meson
particle and the scalar resonance. In this way,
ξfa =
1
3
∫
dm212
∫
dm223|T35(m212) + T45(m212)|2∫
dm212
∫
dm223|T32(m212) + T42(m212)|2
(10)
=
1
3
∫ (M−m3)2
(m1+m2)2
dm212
√
E∗22 −m22
√
E∗23 −m23|T35(m212) + T45(m212)|2∫ (M−mpi)2
4m2pi
dm212
√
E∗22 −m2pi
√
E∗23 −m2pi|T32(m212) + T42(m212)|2
,
where M =MJ/ψ and
E∗2 =
m212 −m21 +m22
2m12
, (11)
E∗3 =
M2 −m212 −m23
2m12
.
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For the expression in the numerator m1 = mpi, m2 = mη and for the one in the denominator
m1,2 = mpi, with m3 = mφ in both cases.
For the calculation of ξaf one has to take into account the indistinguishability of the two π
0 in
the denominator of its definition. In this case, M = Mχc1 , and for the decay in the denominator
m1 = mpi, m2 = mη and m3 = mpi, while for the one in the numerator mi = mpi for i = 1, 2, 3.
With this preamble we have:
ξaf =
∫
dm212
∫
dm223|T51(m212)|2
1
2
∫
dm212
∫
dm223|T55(m212) + T55(m223)|2
= 8
∫ (M−mpi)2
4m2pi
dm212
√
E˜∗22 −m2pi
√
E˜∗23 −m2pi|T51|2∫ (M−mpi)2
(mpi+mη)2
dm212
∫ (m2
23
)max
(m2
23
)min
dm223|T55(m212) + T55(m223)|2
. (12)
In the previous equation E˜∗2 and E˜
∗
2 correspond to E
∗
2 and E
∗
3 in Eq. (11) with all mi = mpi. On
the other hand, for the denominator [44]
(m223)max = (E
∗
2 + E
∗
3)
2 − (
√
E∗22 −m22 −
√
E∗23 −m23)2 , (13)
(m223)min = (E
∗
2 + E
∗
3)
2 − (
√
E∗22 −m22 +
√
E∗23 −m23)2 ,
where E∗2 and E
∗
3 are given by Eq. (11) with the stated values for the different masses for this case.
Since one aims to isolate the signal of the f0(980) and a0(980) resonances in the definitions of
ξfa and ξaf , respectively, we cut the PWAs in Eqs. (10) and (12) such that Tij(s)→ Tij(s)θ(s0−s),
with s0 ≃ (1.2 GeV)2. This value of s0 allows to fully cover the resonance region, while the PWAs
from ChUA are still trustable for s <∼ s0. The uncertainty given to the results because variations
in the cutoff takes well into account reasonable changes in s0 between (1.1 − 1.2GeV)2. We then
obtain the values
ξfa = (8.9± 1.8) × 10−3 , (14)
ξaf = (3.0± 0.4) × 10−3 .
It should be noted that these results are very compatible with the experimental ones reported
in Table II of Ref. [63]. Therefore, we dynamically generate the f0(980) − a0(980) mixing effects
in the coupled channel scattering amplitudes and obtain consistent results with experiment for
the “mixing intensity”. This outcome clearly favors the conclusion that the f0(980) and a0(980)
resonances have a strong dynamically generated component.
III. THE DECAYS OF THE J/ψ → γηpi0, J/ψ → γpi+pi− AND J/ψ → γpi0pi0
Now we proceed to consider the resonance contributions of the f0(980) and a0(980) to the decays
J/ψ → γηπ0, J/ψ → γπ+π− and J/ψ → γπ0π0. Inspired by Refs. [76–78, 85], we employ the
ChUA to study these decays. Due to the much higher thresholds of D+D− [44] we do not include
those channels in the triangle loops. Besides, from the chiral Lagrangians considered, as discussed
in Ref. [77, 86], there is no direct tree-level contribution to the decays of the type V → P P γ
(where V and P denote vector and pseudoscalar mesons, respectively). For a general discussion of
V P Lagrangians, see e.g. [87]. Therefore, we take into account contributions mediated by a K+K−
triangle loop with a photon line attached, as shown in the diagrams of Fig. 8. This mechanism is
also used for the other decays of J/ψ → γπ+π− and J/ψ → γπ0π0. The possibility of a contact-
like contribution to these decays involving the K0K¯0 intermediate state, as represented in the last
9
J/ψ
γ
pi0
η
K+
K−
J/ψ
K+
K+
K−
K−
γ
γ
pi0
pi0
η
η
(a) (b)
(c)
J/ψ
(d)
K¯0
K0
J/ψ
pi0
η
γ
FIG. 8: Loop diagrams for the decay of J/ψ → γηπ0, where the black filled circle represents the full
scattering amplitude from the kaons to the final state.
diagram of Fig. 8, is considered below. Notice that the final-state interactions are included by the
resummation of infinite loops inherent to the ChUA, see Fig. 6.
The amplitude for the radiative decay of J/ψ → γηπ0 in Fig. 8 can be written as
iM = iǫµJ/ψ(P )ǫνγ(K)Tµν , (15)
where P, K are the four momenta of the J/ψ and γ, respectively. Since there are only two
independent four-momenta, the Lorentz covariant tensor Tµν can be written as
Tµν = agµν + bPµPν + cPµKν + dPνKµ + eKµKν . (16)
Taking into account that Pµǫ
µ
J/ψ = 0 and ǫ
ν
γKν = 0, only the two structures agµν and dPµKµ
survive. In addition, because of gauge invariance, TµνKν = 0, and therefore a = −dK · P . In this
way we can determine the function a in terms of d, which is given by a convergent integral [69]. The
d coefficient from the triangle loops of the diagrams (a) and (b) in Fig. 8 can be evaluated using a
Feynman parameterization of the corresponding loop function [69, 88], its analytical expression is
given in Refs. [71, 72], which we also reproduce below.3 For the diagram (c) in Fig. 8, a unitarity
meson-meson loop appears, like those resummed by the ChUA, although the associated subtraction
constant does not need to be the same [85]. The tree level amplitude for the decays V → P P γ is
written analogously as the one for the same φ decays as [72]
Hint = (eAµ + gJ/ψJ/ψµ) jµ − 2egJ/ψAµJ/ψµK+ †K−, (17)
where Aµ, J/ψµ and K
+ (K−) are the photon, J/ψ and charged kaon fields, jµ = iK+(
−→
∂µ−←−∂µ)K−,
and the coupling gJ/ψ can be evaluated from the decay width
Γ(J/ψ → K+K−) =
g2J/ψ
96π
MJ/ψ
(
1− 4m
2
K+
M2J/ψ
)2
, (18)
3 Let us remark that a photon coupled to the right most vertex in Fig. 8 does not give a contribution to the structure
KµPν because the loop integral only involves the total momentum P in the denominator of the integrand. See
Ref. [76] for a more detailed discussion.
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where we add a factor of 1/
√
2 for the field of J/ψµ which is analogous to the one of φµ [89].
Finally, we obtain the amplitude for Fig. 8 as
Mpiη = −
√
2eǫ(J/ψ) · ǫ(γ)[gJ/ψG˜(M2inv)TK+K−→pi0η + g(I=1)c G(M2inv)T I=1KK¯→piη] . (19)
with M2inv the invariant mass squared of the π
0η state, M2inv = (ppi0 + pη)
2. In the previous
equation, g
(I)
c is an isospin dependent coupling (I = 0, 1) for the contact vertex V γKK¯ already
introduced in Ref. [85]. The latter vertex is gauge invariant by itself, and we refer to this reference
for further details. This contributions stems from the diagrams (c) and (d) of Fig. 8, so that at
the end the pure I = 1 |KK¯〉 state results and couples strongly to the final state |πη〉 (which is
purely I = 1). We also have the functions G(M2inv) and G˜(M
2
inv) in Eq. (19). The former is given
by Eq. (2),4 and the latter results by the evaluation of the K+K−γ triangle-loop graphs, and is
given by [71, 72]
G˜(M2inv) =
1
8π2
(a− b)I(a, b), a =
M2J/ψ
M2K
, b =
M2inv
M2K
, (20)
I(a, b) =
1
2(a− b) −
2
(a− b)2
[
f
(1
b
)− f(1
a
)]
+
a
(a− b)2
[
g
(1
b
)− g(1
a
)]
,
with
f(x) =


−
[
arcsin
(
1
2
√
x
)]2
, x > 14 ,
1
4
[
log
(η+
η
−
)− iπ]2, x < 14 , (21)
g(x) =


[
arcsin
(
1
2
√
x
)]2√
4x− 1, x > 14 ,
1
2
[
log
(η+
η
−
)− iπ]2√1− 4x, x < 14 , (22)
η± =
1
2x
[
1±√1− 4x]. (23)
Taking the modulus squared of Eq. (19), summing over the polarizations of the photon and
averaging over those of the J/ψ, we get
∑∑
|Mpiη|2 = 4
3
e2|gJ/ψG˜(M2inv)TK+K−→pi0η + g(I=1)c G(M2inv)T I=1KK¯→piη]|2, (24)
where the bar over the sum sign refers to the averaging process and in our normalization e2/4π ≃
1/137 is the fine structure constant.
By proceeding analogously as above to obtain Eq. (19), we can write for the radiative J/ψ decay
to any of the two ππ modes the following decay amplitude
MpiPpiQ = −
√
2eǫ(J/ψ) · ǫ(γ)[gJ/ψG˜(M2inv)TK+K−→piPpiQ + g(I=0)c G(M2inv)T I=0KK¯→piP piQCPQ], (25)
where the Clebsch-Gordan coefficient CPQ = −
√
2/
√
3, −√2/√6 for the π+π−, and π0π0 case,
respectively.5 The sum over the final polarizations and the average over the initial ones of the
modulus squared of Eq. (25) gives an analogous expression to Eq. (24).
4 The Ref. [85] concludes that the unitarity-loop function G(M2inv) used in Eq. (19) could actually differ by a constant
of its counterpart in the evaluation of the partial-wave amplitudes, cf. Eq. (2). However, here we use a cutoff
regularization for this function and insist on having a natural value for the cutoff around 1 GeV in all the cases.
5 An extra factor of
√
2 is introduced in the Clebsch-Gordan coefficients for the pipi states because of the unitarity
normalization for the I = 0 pipi state [31].
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Besides, we use the isospin basis to evaluate the PWAs, as discussed before. We then have,
TK+K−→pi0η = −
1√
2
T I=1KK¯→piη, (26)
whereas for the other two cases we have
TK+K−→pi+pi− = 1√3T
I=0
KK¯→pipi, (27)
TK+K−→pi0pi0 =
1√
6
T I=0
KK¯→pipi, (28)
where there is a factor of 1/
√
2 to account for the identity of the two neutral pions.
With the amplitudes obtained above, the differential decay widths of the J/ψ can be calculated
by
dΓγPQ
dMinv
=
1
(2π)3
1
4M2J/ψ
pγ p˜η
∑∑
|M|2, (29)
where
pγ =
λ1/2(M2
J/ψ
,M2inv,0)
2MJ/ψ
, (30)
p˜η =
λ1/2(M2inv ,M
2
η ,M
2
pi0
)
2Minv
, (31)
λ(a, b, c) = a2 + b2 + c2 − 2(ab + ac+ bc) is the usual Ka¨llen triangle function, and pγ , p˜η are the
γ momentum in the J/ψ rest-frame and the η momentum in the π0η rest-frame, respectively. The
integration of Eq. (29) allows us to calculate the decay widths,
ΓγPQ =
∫
dΓγPQ
dMinv
dMinv. (32)
The numerical values taken for the masses of the particles are [44]: MK+ = MK− =
493.677 MeV, MK0 = 497.611 MeV, Mpi+ = Mpi− = 139.57018 MeV, Mpi0 = 134.9766 MeV,
Mη = 547.862 MeV and MJ/ψ = 3096.9 MeV. With the branching ratio Br(J/ψ → K+K) =
2.86 × 10−4 and the total width ΓJ/ψ = 92.9 × 10−3 MeV [44], we get from Eq. (18) the coupling
gJ/ψ = 1.74 × 10−3. Since the J/ψ is a cc¯, one can expect that the KK¯ stems from a 0++ source
in the direct coupling J/ψγKK¯ . The reason is the same as advocated in Ref. [90] for the study
of the J/ψ → φππ decay, where in our case the φ (a vector) is playing the analogous role to the
photon. Therefore, one would expect that the KK¯ is in I = 0, and then we take in the following
that g
(I=1)
c = 0, though we keep it in the algebraic equations.6 By performing the isospin decom-
position we then have that gJ/ψγK+K− = −g(I=0)c /
√
2. For some estimations below we make the
identification g
(I=0)
c → −
√
2gJ/ψ, and discuss its uncertainties afterwards.
We show the ηπ0 invariant mass distribution for the decay J/ψ → γπ0η in Fig. 9 from threshold
up to around 1.2 GeV, so that the a0(980) resonance signal is fully covered. Let us indicate that
now the final state is purely I = 1 and then g
(I=1)
c is the one entering in the calculations which is
taken to be zero, as discussed above. Therefore, the transition amplitude in Eq. (19) is fixed in this
6 The J/ψ is a cc¯ and its decay into light-quark hadrons is an isoscalar OZI violating process rich in intermediate
gluons that we also take as a scalar source following Ref. [90]. This is similar to the well-known 3P0 decay model
in the quark model [91] where a qq¯ is produced from the vacuum and having its same quantum numbers. In this
way, the isoscalar part of the electromagnetic current is selected because the radiative coupling of the photon to
the charge kaons is already accounted for by the diagrams (a) and (b) of Fig. 8.
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FIG. 9: The ηπ0 invariant mass distribution for the decay width of J/ψ → γηπ0.
case within our model calculation. The results obtained by employing the isospin or charge bases
of states for the strong interactions are shown by the dashed and solid lines, respectively. They
are consistent with each other, as expected from our considerations above about the calculation
of the strong amplitudes in one basis or the other. By integrating the invariant mass distribution
calculated we obtain Br(J/ψ → γa0(980)→ γηπ0) = 0.48×10−7, with the resonance contributions
of the a0(980) accounted for. The BESIII Collaboration reports in [79] the branching fraction
Br(J/ψ → γηπ0) = 2.14 × 10−5 and an upper limit for the a0(980) intermediate contribution of
Br(J/ψ → γa0(980) → γηπ0) = 2.5 × 10−6. Thus, our results is an order of magnitude smaller
than this upper bound and consistent with the BESIII measurements. Besides, our estimate for
the a0(980) contributions are two orders of magnitude smaller than the branching fraction of
J/ψ → γηπ0, which indicates that other mechanisms apart from the exchange of the a0(980)
dominate this decay process, like e.g. higher resonances or contact terms, with the a2(1320)
explicitly found in Ref. [79] as well.
We show in Fig. 10 the ππ invariant mass distributions for the decays J/ψ → γπ+π− and
J/ψ → γπ0π0, which only differ by a factor of 2 because of the the remark below Eq. (28).
For illustrative purposes we have taken that gI=0c = −
√
2gJ/ψ to obtain the curves in the figure.
The branching fractions obtained for these two processes are Br(J/ψ → γf0(980) → γπ+π−) =
2.39 × 10−7 and Br(J/ψ → γf0(980) → γπ0π0) = 1.20 × 10−7. The BESIII Collaboration has
studied the decay of J/ψ → γπ0π0 in Ref. [92] within an amplitude analysis and determined the
branching ratio Br(J/ψ → γπ0π0) = 1.15 × 10−3. From the Fig. 2(a) of Ref. [92], we can see
that the dominant contributions stem from the higher resonances, such as the f0(1370), f0(1500),
f0(1710), and just a possible structure of the f0(980), with a quite small enhancement not observed
in earlier measurements [93]. Since the scanned energy in Ref. [93] is only above 1 GeV, only higher
resonance contributions are found in these decays. The f0(980) state is also notably absent from
the J/ψ radiative decay in the early experimental observations [94–96]. These observations are
in agreement with our results which lead to very small contributions of the a0(980) and f0(980)
resonances to the branching fractions J/ψ → γηπ0, J/ψ → γπ+π− and J/ψ → γπ0π0. The large
mass of the J/ψ particle also favors this situation because it leads to plenty of available phase
space for the higher resonances to contribute, as found in Ref. [97]. Furthermore, comparing the
results of Fig. 5 with the ones in Fig. 4, the f0(980) − a0(980) mixing effects are very difficult to
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FIG. 10: The ππ invariant mass distributions for the partial decay widths J/ψ → γπ+π− (left panel) and
J/ψ → γπ0π0 (right panel). To draw the figures g(I=0)c = −
√
2gJ/ψ is taken for definiteness.
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FIG. 11: The branching ratio for J/ψ → γπ+π− as a function of k = −g(I=0)c /
√
2gJ/ψ.
observe in these J/ψ radiative decays because of the relative weakness of the mixing amplitudes
|T15|2 and |T25|2. This is within expectations because the external photon probe already involves
I = 0, 1, so that the isospin-conserving contributions in the final-state interactions dominate.
In order to see the dependence of our results with the unknown parameter g
(I=0)
c we plot
in Fig. 11 how the calculated Br(J/ψ → γf0(908) → γπ+π−) depends on the ratio k =
g
(I=0)
c /(−
√
2gJ/ψ). For large enough k we observe a parabolic dependence because the decay
width scales then as g
(I=0)
c squared, cf. Eq. (25). The most stable results under changes of the
coupling g
(I=0)
c occurs in the range for k ∈ [−1, 0], with a range of values Br(J/ψ → γπ+π−) ∼
(0.5 − 1)× 10−7, and a half of it for the neutral mode J/ψ → γπ0π0.
Regarding the dependence of our results on the cutoff qmax, we estimate the uncertainty asso-
ciated to changing this parameter within a 10%, which is the range of values that we concluded
when fitting the experimental data in Sec. II.
Taking into account the theoretical uncertainties in the cutoff, we obtain a rather definite
prediction for the Br(J/ψ → γa0(980)→ γπ0η),
Br(J/ψ → γa0(980)→ γηπ0) = (0.48 ± 0.03) × 10−7 . (33)
The situation is of course much more uncertain for the J/ψ → γππ branching ratios because
of the uncertainty in the unknown parameter g
(I=0)
c . Nonetheless, there is a priori no reason to
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FIG. 12: Loop diagrams for the decay J/ψ → γa0(f0) by isolating the resonance pole in the diagrams of
Fig. 8.
conclude that the contribution proportional to g
(I=0)
c should be much larger than the one pro-
portional to gJ/ψ from our calculation of the MpiPpiQ decay amplitudes in Eq. (25). Indeed, one
would expect precisely the opposite situation because the relation of G˜(s) with the derivative of
the unitarity function G(s) with respect to the energy at around the two-kaon threshold, where
the latter function has a branch-point singularity. As a result, we take as interval of values for
our estimation for the γππ branching ratios the one comprised by the absolute minimum shown
in Fig. 11 and four times its value for k = 0. This implies to take the quite conservative attitude
of allowing the decay amplitudeMpiQpiQ to double its size with respect to k = 0 because of having
included the term proportional to g
(I=0)
c in Eq. (25). We then take the interval of values,
Br(J/ψ → γf0(980) → γπ+π−) = (0.52 − 2.08) × 10−7 , (34)
Br(J/ψ → γf0(980)→ γπ0π0) = (0.26 − 1.04) × 10−7 .
We can also obtain from our results the related branching ratios Br(J/ψ → γf0(980)) and
Br(J/ψ → γf0(980)) by considering directly the production of the resonances a0(980) and f0(980)
as final states in the radiative decays, see Fig. 12. Proceeding analogously as in Eqs. (19), (24)
and (25), we readily obtain∑∑
|MR|2 = 4
3
e2|gJ/ψG˜(M2inv)g(I)RK+K− + g(I)c G(M2inv)(−
√
2g
(I)
RK+K−
)|2, (35)
where g
(I)
RK+K−
is the coupling to K+K− of the resonance f0(980) (I = 0) or a0(980) (I = 1).
Notice that g
(I)
RKK¯
= −√2g(I)
RK+K−
for both resonances, where g
(I)
RKK¯
is the coupling to the KK¯
with definite isospin. We also identify the invariant mass with the resonance mass, so that Minv =
ma0(f0). Thus, the radiative decay widths of the J/ψ to these resonances are given by
Γγa0(f0) =
pγ
8πM2J/ψ
∑∑
|MR|2, (36)
with pγ the three momentum of the photon in the rest frame of the J/ψ particle. The value of the
coupling g
(I)
RK+K−
can be calculated straightforwardly from the ChUA amplitudes already obtained
in Sec. II [34].
15
Our results are sharper for the Br(J/ψ → γa0(980)) by having argued that g(I=1)c = 0, cf. the
discussion after Eq. (32), with the result
Br(J/ψ → γa0(980)) = (1.24 ∼ 1.61) × 10−7. (37)
where the uncertainty arises from the variation in the cutoff.
In turn, the uncertainty for the Br(J/ψ → γf0(980)) are much larger and we follow the same
idea as explained with respect to Eq. (34), so as to make an estimation of the uncertainty associated
to the unknown parameter gI=0c . In this way, we calculate the minimum value of the branching
ratio as a function of g
(I=0)
c and multiply by four the resulting one for g
(I=0)
c = 0. In this way, we
obtain the interval of values
Br(J/ψ → γf0(980)) = (0.69 ∼ 4.00) × 10−7 , (38)
where in addition we have taken into account the uncertainty in qmax.
One further output from our approach follows by defining the ratios,
R = ΓγPQ/Γγa0(f0), (39)
as in Refs. [98, 99]. In this way, one can remove the dependence on gJ/ψ (recall that g
(I=1)
c = 0)
in the ratio for the a0(980). However, for the f0(980) this is not the case because g
(I=0)
c 6= 0 and
both couplings add coherently then. In addition, we also introduce the ratios
R1 =
dΓ1/dMinv
Γγa0(f0) 1
, (40)
R2 =
dΓ2/dMinv
Γγa0(f0) 2
, (41)
R′1 =
Γ1
Γγa0(f0) 1
, (42)
R′2 =
Γ2
Γγa0(f0) 2
, (43)
where dΓ1/dMinv , dΓ2/dMinv and Γγa0(f0) 1, Γγa0(f0) 2 come from the two parts contributing to the
decay amplitudes squared, cf. Eqs. (24) and (35). Namely,
dΓ1
dMinv
→ 4
3
e2|gJ/ψG˜(M2inv)TK+K−→pi0η(pipi)|2, (44)
dΓ2
dMinv
→ 4
3
e2|g(I)c G(M2inv)T I=1(0)KK¯→piη(pipi)CPQ|2, (45)
Γγa0(f0) 1 →
4
3
e2|gJ/ψG˜(M2inv)gRK+K−|2, (46)
Γγa0(f0) 2 →
8
3
e2|g(I)c G(M2inv)gRK+K− |2. (47)
For the a0(980) case, we obtain R = R
′
2 = 0.28 ± 0.41. Taking k = g(I=0)c /(−
√
2gJ/ψ) = 1 we
calculate for the f0(980) resonance that R = 0.46 − 0.54, R′1 = 0.57 − 0.65 and R′2 = 0.46 − 0.54.
The results for R1 and R2 are shown in Fig. 13 as a function of the invariant mass squared of the
pair of pseudoscalars. There is not R2 for the a0(980) resonance case because g
(I=1)
c = 0. In the
plots we take ga0K+K− = 3.60 GeV and gf0K+K− = 2.78 GeV for convenience since the results for
16
 0
 0.0005
 0.001
 0.0015
 0.002
 0.0025
 0.003
 0.0035
 0.004
 600  700  800  900  1000  1100  1200  1300  1400
R
i  
 
Minv [MeV]
R1
 0
 0.002
 0.004
 0.006
 0.008
 0.01
 0.012
 200  400  600  800  1000  1200  1400
R
i  
 
Minv [MeV]
R1
R2
FIG. 13: The results of the ratios R1 and R2 for the a0(980) (left) and f0(980) (right) resonances, where we
have taken ga0K+K− = 3.60 GeV and gf0K+K− = 2.78 GeV.
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FIG. 14: The dependence of the ratio R with the coupling g
(I=0)
c , where we have taken gf0K+K− = 2.78 GeV.
different couplings are only affected by a factor. In Fig. 13, the contributions of the a0(980) and
f0(980) resonances can be clearly seen.
In addition, we show in Fig. 14 the dependence of the ratio R on the unknown coupling
constant g
(I=0)
c with the x axis corresponding to k = g
(I=0)
c /(−
√
2gJ/ψ). In the figure we have
taken gf0K+K− = 2.78 GeV. Let us notice that for k > 0.5 one enters in a plateau region for R in
the case of the f0(980), with a value around 0.49.
IV. CONCLUSIONS
In the present work, we have revisited the KK¯ interactions in coupled channels, where we
have dynamically reproduced the resonances of f0(980) and a0(980) with both the isospin-basis
and the charge-basis formalisms. Interestingly, we can dynamically generate the f0(980)− a0(980)
mixing effects in the scattering amplitudes of the coupled channels with the charge basis, within the
assumption of a dominant hadronic nature for these resonances. One can also easily estimate the
“mixing intensities” ξfa and ξaf around the energy range of the resonances within this framework,
and values in remarkable agreement with the experimental results of Ref. [63] are obtained.
With the scattering amplitudes of the coupled channels reproduced, we investigate the con-
tributions through the final state interactions of the resonances f0(980) and a0(980) to the J/ψ
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radiative decays J/ψ → γηπ0, J/ψ → γπ+π− and J/ψ → γπ0π0. Taking into account the theoret-
ical uncertainties associated to a 10% of variation in the three-momentum cutoff qmax, we obtain
the branching fraction
Br(J/ψ → γa0(980)→ γηπ0) = (0.48 ± 0.03) × 10−7,
The uncertainties affecting the Br(J/ψ → γππ) are larger because their dependence on the un-
known coupling g
(I=0)
c . We then end with the interval of values
Br(J/ψ → γf0(980)→ γπ+π−) = (0.52 − 2.08) × 10−7,
Br(J/ψ → γf0(980)→ γπ0π0) = (0.26 − 1.04) × 10−7.
In terms of the same formalism one can also predict
Br(J/ψ → γa0(980)) = (1.24 ∼ 1.61) × 10−7,
Br(J/ψ → γf0(980)) = (0.69 ∼ 4.00) × 10−7.
These fractions are within the upper limits for these decays from the experimental measurements.
The small results that we have found for the contributions of the a0(980) and f0(980) resonances in
these decays agree with the dominant contributions from higher resonances as found experimentally.
From these results, we conclude that it is more difficult to detect the f0(980) − a0(980) mixing
effects in these radiative decay channels of the J/ψ particle. We expect that future measurements
within higher statistical experiments can support our results.
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